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Abstract
In a stock market, the numeraire portfolio, if it exists, is the portfolio with the highest expected
logarithmic growth rate at all times. A numeraire market is a stock market for which the market portfolio
is the numeraire portfolio. We study open markets, markets comprising the higher capitalization stocks
within a broad equity universe. The stocks we consider are represented by continuous semimartingales,
and we construct an example of a numeraire market that is asymptotically stable.
1 Introduction
The stock markets considered in mathematical finance are conventionally closed markets, which contain the
same stocks at all times. Real stock markets are open markets in which stocks enter following IPOs or
spinoffs and exit following privatizations or bankruptcies. Open markets are similar to high-capitalization
indexes, in which a stock is replaced when its capitalization falls to low.
The numeraire portfolio, or log-optimal portfolio, is that portfolio with the highest expected logarithmic
growth rate at all times. A numeraire market is a stock market for which the numeraire portfolio is the
market portfolio. It was shown in Karatzas and Kardaras (2018) that a closed market that is also a numeraire
market will be asymptotically unstable, with all the capital concentrating into a single stock. Accordingly,
we shall concentrate here on open markets. We first need to review some basic definitions and elementary
results regarding stock-market models. For clarity of exposition, we shall first consider closed markets and
postpone consideration of open markets until a later section.
Suppose that a market defined on the time interval [0, T ] is composed of stocks X1, . . . , Xn, where n > 1
and the Xi are represented by positive Itoˆ processes that satisfy
d logXi(t) = γi(t) dt+
d∑
`=1
ξi`(t) dW`(t), (1.1)
for t ∈ [0, T ], where (W1, . . . ,Wd) is an d-dimensional Brownian motion for d ≥ n, and γi and ξi` are
measurable functions adapted to the Brownian filtration. We shall assume throughout that the stochastic
differential equations we encounter have at least weak solutions. The process γi is called the ith growth
rate process. We define the rank process to be the random permutation rt ∈ Σn such that rt(i) < rt(j)
if Xi(t) > Xj(t) or if Xi(t) = Xj(t) and i < j. We also define the ranked stock processes X(1), . . . , X(n)
such that X(rt(i))(t) = Xi(t), so X(1)(t) ≥ · · · ≥ X(n)(t). We can also define the inverse permutation
pt , r−1t ∈ Σn, so we have Xpt(k)(t) = X(k)(t).
From (1.1) we can derive the variance rate processes σ2i for i = 1, . . . , n and covariance rate processes σij
for i, j = 1, . . . , n, with
σ2i (t) ,
d
dt
〈logXi〉t =
d∑
`=1
ξ2i`(t) and σij(t) ,
d
dt
〈logXi, logXj〉t =
d∑
`=1
ξi`(t)ξj`(t),
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for t ∈ [0, T ]. We shall also have an additional process X0, called cash, which has no stochastic term, so
d logX0(t) = γ0(t) dt,
for t ∈ [0, T ]. For cash the quadratic variation processes 〈X0〉t ≡ 0 and 〈X0, Xi〉t ≡ 0, for i = 1, . . . , n. Since
by subtracting the growth rate γ0 from all the growth rates γi we can change the frame of reference to give
cash a zero growth rate, there is no loss of generality in assuming that X0 ≡ 1 and γ0 ≡ 0, and we shall do
so.
For each stock Xi we define the rate of return process αi by
αi(t) , γi(t) +
σ2i (t)
2
,
and for cash, α0 ≡ 0. In this case, Itoˆ’s rule implies that
dXi(t)
Xi(t)
= αi(t) dt+
d∑
`=1
ξi`(t) dW`(t), a.s.
For background on this material in this section, we refer the reader to Fernholz (2002) and Fernholz and
Karatzas (2009).
A (generalized) portfolio pi is a family of bounded measurable processes pi1, . . . , pin that are adapted to
the Brownian filtration. For each portfolio pi there is an implicit cash weight pi0, with
pi0(t) , 1− pi1(t)− · · · − pin(t),
so that
n∑
i=0
pii(t) = 1,
for all t ∈ [0, T ]. The value process Zpi of the portfolio pi satisfies
dZpi(t)
Zpi(t)
=
n∑
i=1
pii(t)
dXi(t)
Xi(t)
=
n∑
i=1
pii(t)αi(t) dt+
( n∑
i,j=1
pii(t)pij(t)σij(t)
)1/2
dW (t), a.s.,
for some Brownian motion W . (Cash can be ignored since it contributes nothing to the return of the
portfolio.) From this we can define the portfolio rate of return process αpi by
αpi(t) ,
n∑
i=1
pii(t)αi(t),
and the portfolio variance rate process σ2pi by
σ2pi(t) ,
n∑
i,j=1
pii(t)pij(t)σij(t),
in which case
dZpi(t)
Zpi(t)
= αpi(t) dt+ σpi(t) dW (t), a.s. (1.2)
By an application of Itoˆ’s rule we can derive the logarithmic representation for pi, with
d logZpi(t) = γpi(t) dt+ σpi(t) dW (t), a.s., (1.3)
2
where the portfolio growth rate satisfies
γpi(t) = αpi(t)− σ
2
pi(t)
2
, a.s.
The market portfolio process X is defined by
X(t) , X1(t) + · · ·+Xn(t),
with no cash in the market portfolio. The corresponding market weight processes µi are defined by
µi(t) ,
Xi(t)
X(t)
,
for i = 1. . . . , n, so µ1(t)+ · · ·+µn(t) = 1. It can be shown that the portfolio value process Zµ corresponding
to the market wights satisfies
Zµ(t) = X(t), a.s., (1.4)
for t ∈ [0, T ], if Zµ(0) = X(0).
2 Numeraire markets
The numeraire portfolio ν is the portfolio with the highest portfolio growth rate, so for any portfolio pi,
γν(t) ≥ γpi(t) for t ∈ [0, T ]. Since
γpi(t) = αpi(t)− σ
2
pi(t)
2
= piT (t)α(t)− 1
2
piT (t)Σ(t)pi(t), a.s., (2.1)
where α(t) = (α1(t), . . . , αn(t))
T , pi(t) = (pi1(t), . . . , pin(t))
T , and Σ(t) is the covariance matrix with entries
σij(t). To maximize the growth rate at time t, we find the unconstrained maximum for γpi(t), which occurs
when
∇γpi(t) = α(t)−Σ(t)pi(t)
= 0, a.s.,
where ∇ = (D1, . . . , Dn)T is the gradient with respect to pi(t). Hence, for the numeraire portfolio ν we have
α(t) = Σ(t)ν(t), a.s.,
where ν(t) = (ν1(t), . . . , νn(t))
T . This is equivalent to
αi(t) =
n∑
j=1
νj(t)σij(t)
= σiν(t), a.s., (2.2)
for i = 1, . . . , n. The process σiν is called the portfolio covariance process for Zν and Xi.
For a numeraire market, the numeraire portfolio ν is the same as the market portfolio µ, so (2.2) becomes
αi(t) = σiµ(t), a.s.,
which, in terms of growth rates, is
γi(t) = σiµ(t)− σ
2
i (t)
2
, a.s. (2.3)
3
3 Open markets
Consider an equity universe X of the form (1.1) with stock price processes X1, . . . , XN , with N > 2, and
universal weight processes ζ1, . . . , ζN defined by
ζi(t) ,
Xi(t)
X1(t) + · · ·+XN (t) .
The open market X∗n ⊂ X of size n < N is the subset of stocks that occupy the top n ranks at any given
time. The market capitalization process X[n] for the market X
∗
n is defined by
X[n](t) , X(1)(t) + · · ·+X(n)(t), (3.1)
and the market portfolio µ for X∗n is the portfolio in X defined by the weights µ1, . . . , µN , where
µpt(k)(t) =

X(k)(t)
X[n](t)
, k = 1, . . . , n
0, k = n+ 1, . . . , N.
The ranked market weight processes µ(k) satisfy
µ(k)(t) =
X(k)(t)
X[n](t)
, a.s.,
for k = 1, . . . , n.
Let Λk,k+1 be the local time for log(X(k)/X(k+1)) at the origin, for k = 1, . . . , N−1. The local time Λk,k+1
is equal to the local time at the origin for log(ζ(k)/ζ(k+1)) and for log(µ(k)/µ(k+1)). From Example 4.3.2
of Fernholz (2002) or Lemma 2.1 of Fernholz and Fernholz (2017) we see that the dynamics of the market
portfolio value process Zµ will follow
d logZµ(t) = d logX[n](t)− 1
2
µ(n)(t)dΛn,n+1(t), a.s. (3.2)
The appearance of local time in (3.2) is similar to the leakage from functionally generated portfolios in
Example 4.3.5 of Fernholz (2002), and this shows that the market capitalization process grows at a faster
rate than the market portfolio.
Definition 3.1. (Fernholz (2002)) A system of positive continuous semimartingales X1, . . . , XN is asymp-
totically stable if
1. lim
t→∞ t
−1 log(Xi(t)/Xj(t)) = 0, a.s., for i, j = 1, . . . , N (coherence);
2. lim
t→∞ t
−1Λk,k+1(t) , λk,k+1 > 0, a.s., for k = 1, . . . , N − 1;
3. lim
t→∞ t
−1〈log(X(k)/X(k+1))〉t , σ2k,k+1 > 0, a.s., for k = 1, . . . , N − 1.
Remark 1. CAPM-consistent markets. In the classical portfolio theory of Markowitz (1952, 1959), a
portfolio pi is defined to be efficient if it has the minimum portfolio variance σ2pi(t) for its expected return
αpi(t). The celebrated capital asset pricing model (CAPM) of Sharpe (1964) concluded that if all investors
hold efficient portfolios, then the market portfolio µ will also be efficient, and all efficient portfolios will
be a combination of the market portfolio and cash. The numeraire portfolio is an efficient portfolio, since
if another portfolio had the same expected return but lower variance, that portfolio would have a higher
growth rate. Hence, under CAPM, the numeraire portfolio will be a combination of cash and the market
portfolio ν. In this case, (2.3) becomes
γi(t) = ρν(t)σiµ(t)− σ
2
i (t)
2
, a.s., (3.3)
4
where ρν(t) is the proportion of market portfolio µ held in the numeraire portfolio ν at time t, and (1−ρν(t))
is the proportion of cash. A market in which (3.3) is satisfied is called a CAPM-consistent market. Since
condition (2.3) is stronger than condition (3.3), a numeraire market is also a CAPM-consistent market.
However, closed numeraire markets are asymptotically unstable (see Karatzas and Kardaras (2018)), while
examples of closed, asymptotically stable, CAPM-consistent markets can be constructed in a manner similar
to that used below for the construction of numeraire portfolios in open markets. Nevertheless, examples of
closed, CAPM-consistent markets seem to bear little resemblance to real stock markets.
4 An example of a numeraire market
We wish to construct a model of a numeraire market that is asymptotically stable, and since we know that
first-order models are asymptotically stable, we shall start with an equity universe that has a structure
similar to that of a first-order model (see, e.g., Fernholz (2002) of Banner et al. (2005)).
Let us consider the equity universe X defined by
d logXi(t) =
(
grt(i)(t) +G
)
dt+ srt(i)dWi(t) + S dW (t), a.s., (4.1)
for i = 1, . . . , N , with N ≥ 2, a constant G, a constant S2 ≥ 0, positive constants s21, . . . , s2N , an N + 1-
dimensional Brownian motion (W1, . . . ,WN ,W ), and processes g1, . . . , gN defined by
gk(t) = ϕ(k, ζ(1)(t), . . . , ζ(N)(t)) > 0,
where ϕ is a bounded continuous function such that for some ε > 0,
g1(t) + · · ·+ gN (t) = 0 and g1(t) + · · ·+ gk(t) < −ε, for 1 ≤ k < N. (4.2)
The model (4.1) is quite similar to the first-order models in Banner et al. (2005) and and hybrid Atlas
models in Ichiba et al. (2011), and results for these models should generally remain valid in our current
setting. We see that (4.1) is Markovian with a.s. continuous sample paths, and the eigenvalues of the
covariance matrix are bounded away from zero. Hence, we can follow the reasoning of Ichiba et al. (2011),
Theorem 1, to establish the existence of a stable distribution for the gap processes log(X(k)/Xk+1)) (see
also Theorems 4.1 and 5.1 of Khasminskii (1980)). Then the proof of Lemma 1 of Ichiba et al. (2011) can
be used to show that the system will spend zero local time at triple points. Since the gk are all defined by
the same function ϕ, the processes Xi will be exchangeable and hence they will asymptotically spend equal
time at each rank, as is the case for first-order models in Banner et al. (2005). Therefore, all the Xi will
asymptotically share the average growth rate G, and this will be the growth rate of the universe, so the
system will be coherent. The analysis of Ichiba et al. (2011) for hybrid Atlas models remains valid here, so
the system (4.1) will be asymptotically stable.
Now, for some n < N let us consider the open submarket X∗n ⊂ X with market portfolio process µ. Then
µi(t) = 1{rt(i)≤n}
Xi(t)
X[n](t)
, i = 1, . . . , N, and µ(k)(t) = 1{k≤n}
X(k)(t)
X[n](t)
, k = 1, . . . , N. (4.3)
It is convenient to extend the definition of these weights to
µ˜i(t) ,
Xi(t)
X[n](t)
, i = 1, . . . , N,
so we have µi(t) = µ˜i(t) for rt(i) ≤ n and µ(k)(t) = µ˜(k)(t) for k ≤ n. With this notation, the submarket X∗n
defined by (4.1) will satisfy (2.3) if
grt(i)(t) +G = µi(t)s
2
rt(i)
+ S2 − 1
2
(
s2rt(i) + S
2
)
, a.s., (4.4)
for i = 1, . . . , n. Hence, if the processes gk defined by
gk(t) =
(
µ˜(k)(t)− 1
2
)
s2k −G+
1
2
S2, (4.5)
5
are a.s. negative for k = 1, . . . , N − 1, and
gN (t) = −
(
g1(t) + . . .+ gN−1(t)
)
, (4.6)
then (2.3) as well as (4.2) will be satisfied and X∗n will be a numeraire market. Accordingly, our strategy to
construct a numeraire market will be to find positive constants s21, . . . , s
2
N and constants G and S
2 ≥ 0 such
that the gk(t) defined by (4.5) satisfy condition (4.2).
5 A simulated numeraire market
Here we shall construct a numeraire market of the form (4.1) following the strategy we just outlined. Let
n = 500,
N = 550,
s2k = 0.06, k = 1, . . . , N,
S2 = 0.04,
G = 0.051,
(5.1)
with
gk(t) = 0.06
(
µ˜(k)(t)− 1
2
)
− 0.031 < −0.001, k = 1, . . . , N − 1,
gN (t) = −(g1(t) + · · ·+ gN−1(t)),
(5.2)
which corresponds to (4.5). We see from (5.2) that gk(t) < 0 for k = 1, . . . , N − 1, so condition (4.2) is
satisfied.
The results of a simulation of this market are presented below in Figures 1 and 2. The simulation was
run over 2 million iterations, with the first million used for convergence and the second million recorded in
the charts. Figure 1 shows the average distribution of the simulated rank-based market weights, represented
by the black curve, along with the distribution curve for the first-order approximation represented by the
red curve. The first-order approximation, defined in Section 5.5 of Fernholz (2002), uses the estimate
lim
T→∞
1
T
∫ T
0
log
(
X(k)(t)/X(k+1)(t)
)
dt =
σ2k,k+1
2λk,k+1
, a.s.,
which holds if stable distribution for the gap processes log(X(k)/X(k+1)) is exponential (see Banner et al.
(2005)). The closeness of the two curves suggests that the stable distribution for the gap processes is close to
exponential. The λk,k+1 were estimated from the simulation using (3.2), and the σ
2
k,k+1 = s
2
k + s
2
k+1 came
directly from the parameter definitions.
Figure 2 shows the cumulative logarithmic growth of the market portfolio and the market capitalization
for the simulated numeraire market. We see that the market capitalization X[n] grows at a faster rate than
the value process Zµ of the market portfolio, as we expected from (3.2).
The R code used for this simulation is included below.
Remark 2. The model with parameters (5.1) is somewhat simpler than (4.1). Indeed, we can write
d logXi(t) =
(
gi(t) +G− 1{rt(i)=N}g(t)
)
dt+ σ dWi(t) + S dW (t), a.s., (5.3)
for i = 1, . . . , N , where the Brownian motions Wi and W are as in (4.1), the parameters are
n = 500,
N = 550,
σ2 = 0.06,
S2 = 0.04,
G = 0.051,
6
and where
gi(t) = µ˜i(t)σ
2 −G+ 1
2
(
S2 − σ2) < −0.001,
with
g(t) = g1(t) + · · ·+ gN (t).
Since the processes
dYi(t) = d logXi(t)− S dW (t),
for i = 1, . . . , N , are independent and all have the same variance rate σ2, Girsanov’s theorem (see Karatzas
and Shreve (1991)) implies that Y1, . . . , YN will be equivalent to N -dimensional Brownian motion. It follows
that the processes Yi will have no triple points, so the same will hold for the processes Xi. Let us note also
that the parameter processes γi and σ
2
i for the stocks Xi in the numeraire market X
∗
n do not depend on
rank.
6 Conclusion
We have constructed an example of an asymptotically stable open numeraire market and considered some of
its basic characteristics. We have seen that the asymptotic behavior of open numeraire markets is similar to
that of markets comprising the top ranks of first-order models or hybrid Atlas models. For an asymptotically
stable open numeraire market, over the long term no portfolio strategy will dominate the market portfolio,
and the market capitalization process will dominate all portfolio strategies.
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Figure 1: Weight distributions related to the open market (4.1) with parameters (5.1) and (5.2).
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Figure 2: Cumulative log-growth of the market portfolio value process Zµ, from (3.2); black.
Cumulative log-growth of the market capitalization process X[n], from (3.1); red.
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R code for the simulation
n<-500
N<-550
T<-1000000
G0<- .051
SS0<- .04
ss1<- .06
ss2<-.06
Tfac=100/T
G<-Tfac*G0
if (ss1 == ss2)ss<-rep(ss1,N) else ss<-seq(ss1,ss2,(ss2-ss1)/(N-1))
ss<-Tfac*ss
SS<-Tfac*SS0
S<-sqrt(SS)
s<-sqrt(ss)
x<- -log(1:N)
x<-x-log(sum(exp(x)))
xx<-exp(x)
z<-rep(1,N)
g<-rep(0,N)
gg<-rep(0,N)
LT<-rep(0,N)
GR<-NULL
GG<-NULL
T1<-2*T
tt<-0
for(t in 1:T1){
mu<-xx/sum(xx[1:n])
g<-(.5-mu)*ss+G-.5*SS
XX<-xx
ng2<-sum(g)/2
x<-x-g+s*rnorm(N)
X1<-x
GS<-G+S*rnorm(1)
xx0<-log(sum(exp(x+GS)))
ii<-order(x)
x0<-0
for(k in 1:(N-1)){
x0<-x0+x[ii[k]]
if(k*x[ii[k+1]]-x0 > ng2)break
}
xpiv<-2*(x0+ng2)/k
x[ii[k:1]]<-xpiv-x[ii[1:k]]
x<- -sort(-x)
xx<-exp(x+GS)
yy<-sum(xx)
xx<-xx/yy
x<-log(xx)
if(t%%(T%/%10) == 0)print(c(t,k,xx[1]))
if(t > T1-T){
9
tt<-tt+1
gg<-gg+g
GG[tt]<-log(yy)
GR[tt]<-xx0
z<-z+xx
X2<-cumsum(exp(-sort(-X1)))
X1<-cumsum(exp(X1))
LT<-LT+2*(X2-X1)/XX
}
}
z<-z[1:n]/sum(z[1:n])
gg<-gg/tt
lt<-2*cumsum(gg)
LT<-LT/T
for(i in 1:n)if(LT[i] <= 0){
print(c(i,LT[i],lt[i]))
LT[i]<-lt[i]
}
Time=seq(0,tt,tt/1000)
Time[1]<-1
GR<-cumsum(GR)[Time]
GG<-cumsum(GG)[Time]
ZZ<-ss/LT
ZZ<-exp(cumsum(ZZ[n:1]))[n:1]
ZZ<-ZZ/sum(ZZ)
graphics.off()
quartz(’1’,width=8,height=6)
plot(Time*Tfac,GR,ylim=range(GR,GG),type=’l’,xlab=’Time’,ylab=’Growth’)
lines(Time*Tfac,GG,col=2)
quartz(’2’,width=8,height=6)
plot(-gg/Tfac,type=’l’,xlab=’Rank’,ylab=’g_k’)
quartz(’3’,width=8,height=6)
plot(z,type=’l’,ylim=range(z,ZZ),log=’xy’,xlab=’Rank’,ylab=’Weight’)
lines(ZZ,col=2)
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